ABSTRACT
Introduction
Containment vessels have been widely used to contain the blast effects in both civil and military applications. Strain growth is a phenomenon observed in the elastic response of containment vessels subjected to internal blast loading. The local dynamic response of a containment vessel may become larger in a later stage than its response in the earlier stage, which was first reported by Buzukov [1] in a cylindrical chamber subjected to internal blast loading from linear explosives.
Since it was first reported four decades ago [1] , the strain growth phenomenon has attracted great attention in the design and use of containment vessels, and several mechanisms have been proposed to explain this interesting phenomenon in both cylindrical and spherical shells. As reflected waves after the first peak of the blast shock wave may still be very strong, strain growth was attributed to the possible resonance between reflected shock waves and the vibrations of cylindrical [2] and spherical [3] shells. Karpp et al. [4] and Abakumov et al. [5] showed that bending responses could be excited by the structural perturbation from the flanges and thus drastic strain amplification might be caused. Dong et al. [6] showed that the blast loading history in containment vessels can be divided into three periods, i.e. the primary-shock period, the shock-reflection period and the pressure oscillation period, in which reflected waves in the second period could cause strain growth of shells. Other researchers proposed that the superposition or beating of various vibration modes with close frequencies is responsible for strain growth in cylindrical [1, 7, 8, 9] and spherical [10] [11] [12] containment vessels.
Detailed studies on strain growth in the literature were summarized in Li et al. [13] . It has recently been realized that the coupling between the breathing and bending modes, which are excited by the dynamic unstable vibration, is another cause for strain growth of rings (or the in-plane response of cylindrical shells) [14] and spherical shells [15] . However, these conclusions cannot be directly extended to a finite-length cylindrical vessel which is the mostly used type of explosion containment vessels in practice.
In the present study, the mechanisms of strain growth are investigated in a finitelength thin-walled cylindrical shell subjected to uniformly-distributed internal pressure pulse. Compared to the in-plane response of a cylindrical shell which corresponds a plane-strain ring in Li et al. [14] , the response of a finite-length cylindrical shell with different boundary conditions in the current study is more complicated with the consideration of out-plane response. The material properties and structural dimensions of the cylindrical shell studied in the paper are listed in Tables 1 and 2 , respectively. The structural dimensions of the studied shell in this paper are the same as those of chamber-1 in experiments reported in [8] , in which the strain growth phenomenon was observed when chamber-1 was subjected to blast loading from linear explosives.
In this paper, we only concern mechanisms of strain growth caused by the primary shock, and the blast loading is simplified as a transient triangular pressure pulse P(t),
where P is the peak overpressure, t is the time and T is the duration of the transient pressure. Therefore, the blast loading from linear explosives on chamber-1 in [8] is simplified as a uniformly-distributed pressure pulse.
In this study, by employing finite element simulation with dynamic analysis software LS-DYNA [15, 16] , the dynamic response characteristics of a finite-length cylindrical shell with sliding-sliding, free-free and simply-supported boundary conditions are investigated in Sections 2, 3 and 4, respectively, followed by conclusions in Section 5.
Strain growth in a sliding-sliding cylindrical shell
In this section, the dynamic response of the sliding-sliding cylindrical shell subjected to uniformly-distributed internal pressure pulse is presented in breathing mode response stage and nonlinear modal coupling response stage. For a cylindrical shell with sliding-sliding boundary conditions, the axial motions of the both ends are fixed.
In the finite element analysis on the dynamic responses of the shell in LS-DYNA, all the cylindrical shells are built using three-dimensional models with solid elements. The shell is meshed into 12, 96 and 36 parts in the radial, circumferential and axial directions, respectively. Convergence tests have shown that the above mesh size can obtain reasonable results. Additionally, in all the FE models of this study, the time step is 1 s, which is small enough to capture the peak values.
Breathing mode response in a sliding-sliding cylindrical shell
For an infinite axisymmetric cylindrical shell subjected to a uniformly-distributed blast loading, its early elastic response is dominated by the breathing mode vibration and thus it can be simplified as an axisymmetric single degree of freedom (SDoF) model, i.e.
radial displacement, which is independent of coordinates, is the only degree of freedom.
Among the concerned cylindrical shells with different boundary conditions, the pure breathing mode response happens only in the cylindrical shells with sliding-sliding boundary conditions. Therefore, the sliding-sliding cylindrical shell is first studied in this paper.
The frequencies of the breathing mode in plane-strain and plane-stress cylindrical shells are
respectively, where a is radius, E is Young's Modulus, ρ is the density and  is Poisson's ratio.
The plane-stress response of cylindrical shells is based on Dumchuk's onedimensional cylindrical shell model [17] . The calculated plane-strain and plane-stress breathing mode frequencies of the cylindrical shell are 4107.7 Hz and 3878.3 Hz, respectively.
The breathing mode response of the studied shell with sliding-sliding boundary conditions subjected to a transient pressure pulse is shown in Figs. 1 (a) and (b) from finite element simulation results (the first peak strain is 0.001). In the present study, the first peak strain is defined as the maximum strain (i.e. the ratio of the maximum radial displacement to the radius) in the first vibration period. The deformed shape of the shell in Fig. 2 demonstrates that only breathing mode shape is observed in the whole process.
It is noted that the displacement of deformed shapes in this paper has been multiplied by 10 to make the motion visible.
It has been shown that the dynamic response of a containment vessel in the initial stage agrees well with the calculation by employing the breathing mode response model, which, however, cannot predict the strain growth in the later stage.
Nonlinear modal coupling response in a sliding-sliding cylindrical shell
When the studied shell with sliding-sliding boundary conditions was subjected to higher impulsive loading, a late-time increase of displacement was observed in LS-DYNA simulation. The response histories at the middle section of the outer surface on the sliding-sliding shell are presented in Figs.3, 4 and 5, which show very similar characteristics to the strain growth phenomenon observed in plane-strain rings [13] . In the earlier stage, the deformed shape of the cylindrical shell is the same as that in Fig. 2 . However, in the later stage when strain growth happens, non-axisymmetric responses are observed in the deformed shape in Fig. 6 . The response characteristics of the current sliding-sliding cylindrical shell show very similar characteristics to the strain growth phenomenon observed in plane-strain rings in Li et al. [13] , in which the nonlinear modal coupling between breathing mode and non-axisymmetric modes is proposed as the mechanism of strain growth. Compared to the radial and circumferential responses in plane-strain rings in Li et al. [13] , there is an axial response in cylindrical shells in the current study, leading to more complex vibration modes and dynamic response of cylindrical shells. Modal analysis on the cylindrical shell was conducted by ANSYS, and a typical non-axisymmetric mode shape for n=3, m=3 is presented in Fig. 7 , in which n is circumferential wave number and m is longitudinal half-wave number. It is noted that non-axisymmetric modes that involve in nonlinear model coupling in this study are the so-called 'coupled radial-axial modes' (n=2, 3, 4…) in Blevins [18] .
It was found that the above simulation phenomenon is similar to the numerical Mathieu solution of the dynamic unstable vibration in a cylindrical shell subjected to a nearly uniform radial impulse [19] , which indicates that strain growth observed in LS-DYNA can be explained by the nonlinear modal coupling theory proposed by McIvor and Lovell [19] . The initial response of a finite-length sliding-sliding cylindrical shell under perfectly uniform radial impulse is the breathing mode response discussed in Section 2.1. However, in the presence of small non-uniformities in the impulse or structure, some bending modes can be parametrically excited to rather large amplitudes, and the nonlinear coupling between the breathing mode and bending modes may happen [19] . The bending modes reported in McIvor and Lovell [19] are the non-axisymmetric modes discussed above and demonstrated in Fig. 7 . If the frequency of a bending mode is close to half of the breathing mode frequency, this bending mode may become unstable and undergo significant growth, as shown in Figs. 4 and 5. Therefore, it may be concluded that strain growth of the sliding-sliding cylindrical shell in Fig. 3(a) is caused by nonlinear modal coupling between the breathing mode and unstable non-axisymmetric modes.
The strain growth phenomenon was also observed in the shell subjected to higher impulsive loadings, as shown in Fig. 8 when the first peak strain is 0.01. Responses of the shell subjected to different impulses are summarized in Table 3 , in which the first peak strains of the shell are 0.006, 0.008 and 0.010. Strain growth factor is defined as the ratio of the maximum radial displacement in the whole vibration to the first peak radial displacement, and strain growth time is the duration from the beginning to the moment when the maximum radial displacement appears. Table 3 shows that strain growth time decreases as the first peak strain increases. However, the strain growth factors of the shell subjected to different impulses vary in a narrow range between 2.6 and 3.0.
Strain growth in a free-free cylindrical shell
In this section, the dynamic response of the free-free cylindrical shell subjected to uniformly-distributed internal pressure pulse is presented in linear modal superposition response stage and nonlinear modal coupling response stage. For a cylindrical shell with free-free boundary conditions, both ends of the shell are completely free.
Linear modal superposition response in a free-free cylindrical shell
The dynamic response of the studied shell with free-free boundary conditions subjected to impulsive loading was calculated in LS-DYNA, as shown by the radial response at the middle section of the outer surface of the shell in Fig. 9 and Table 4 , in which the first peak strain is 0.001. Unlike the one-dimensional response in the slidingsliding shell, the response of the free-free shell behaves as a beating phenomenon, as presented by Fig. 9(a) , and the strain growth phenomenon occurs, in which the strain growth factor in this response is 1.762, as shown in Table 4 . The frequency spectrum in Fig. 9(b) shows that three modes dominantly participate in the response, and the frequencies of these modes are 2834.7 Hz, 3810.5 Hz and 4396.7 Hz, respectively.
The deformed shape of the cylindrical shell is presented in Fig. 10 , which shows that the response is axisymmetric and the modes involved are axisymmetric modes (i.e. n=0).
It was also observed that the radial displacement-histories of different points at different (n=0) in Blevins [19] . The mode with the frequency of 2834.7 Hz is axially dominant vibration mode (n=0 and m=1) and the mode with the frequency of 4396.7 Hz is radially dominant vibration mode (n=0 and m=1), as labeled by f a and f r in Fig. 9(b) , respectively.
The excitation of axisymmetric modes of the shell in Fig. 9 is due to the lack of axial restrain from the free-free boundary condition, and thus strain growth of the shell in Fig.   9 is caused by the linear superposition of the breathing mode and axisymmetic modes, which is different from the nonlinear coupling of the breathing mode and nonaxisymmetric modes.
The dynamic response of the shell with a first peak strain 0.003 was also calculated by LS-DYNA, which shows a very similar vibration characteristic as that in Fig. 9(a) when the first peak strain of Shell 1 is 0.001. When the one third of radial displacements of the shell with first peak strain 0.003 are plotted in the response history, the curve is exactly the same as the radial displacement-time history of the shell with first peak strain of 0.001, as shown in Fig. 11 . Therefore, unlike the nonlinear modal coupling observed 
Nonlinear modal coupling response in a free-free cylindrical shell
Section 3.1 shows that the response of the free-free shell is a linear modal superposition response, when the first peak strain is 0.001. However, when the shell was subjected to larger impulsive loading, another different response was observed in LS-DYNA, as presented in Fig. 12 , in which the first peak strain is 0.006. Fig. 12(a) shows that in the later stage, a higher response appears after the linear modal superposition response stage, and Fig. 12(b) shows that some vibration modes with about half breathing mode frequency are excited. The deformed shape of the shell in the later stage is presented in Fig. 13 . The phenomenon observed in the later stage is similar as that observed in the sliding-sliding cylindrical shells, which demonstrates that nonlinear modal coupling occurs in the free-free cylindrical shell when the first peak strain is 0.006.
As shown in Table 5 , the strain growth factor in Fig. 12(a) is 3 .365, which is larger than the value of 1.762 in Table 4 that is simply due to the linear modal superposition.
In the sliding-sliding cylindrical shell, the nonlinear modal coupling is caused by the coupling between the breathing mode and non-axisymmetric modes. However, in freefree cylindrical shells, not only the breathing mode, but also the axisymmetric modes are involved in the nonlinear modal coupling with the non-axisymmetic modes, which makes the present problem more complicated.
The dynamic responses of the shell with free-free boundary conditions subjected to different pressure pulses were calculated by LS-DYNA, as shown in Table 5 . Compared to Table 3 , Table 5 shows that strain growth factor in the free-free cylindrical shell is higher than those in the sliding-sliding cylindrical shell, which may be explained by the strain amplification due to the linear modal superposition in the earlier stage of the freefree cylindrical shell.
Based on the study in this section, it can be found that strain growth in the free-free cylindrical shell is primarily caused by the linear modal superposition in the earlier stage, and possibly enhanced by nonlinear modal coupling in the later stage.
Strain growth in a simply-supported cylindrical shell
In this section, the dynamic response of the simply-supported cylindrical shell subjected to uniformly-distributed internal pressure pulse is presented in linear modal 
Experimental observations
There are some reported experimental results on the dynamic responses of cylindrical containment vessels subjected to internal blast loading, which will be employed to support the analysis in this study.
Zhu [8] investigated the mechanism of strain growth through experiments on cylindrical explosive chambers with linear explosives distributed along the central axis.
Cyclic strain growth was observed in Chamber-1 with linear explosives, as shown by the strain-time history in Fig.15(a) and the corresponding frequency spectrum in Fig.15(b) . Zhong [20] conducted experimental investigations on the dynamic responses of a cylindrical containment vessel with flat end plates, and the strain growth phenomenon is presented in Fig.16(a) . According to this study, the calculated frequency of the plane-stress breathing mode is 827.72 Hz, which can be observed from Fig.16(b) . Zhong [20] found that in the frequency spectrum of Fig.16(b) , the vibration modes with lower frequencies ranging from 100 Hz to 500 Hz are the nonaxisymmetric modes with m=1-3 and n=2-6, whose frequencies are around half of the breathing mode frequency.
According to the nonlinear modal coupling theory in this study, the excited nonaxisymmetric modes are more likely caused by the nonlinear modal coupling, which has not been proposed by the researchers in the containment vessel community so far.
Conclusions
Strain growth in a finite-length cylindrical shell with different boundary conditions under internal pressure pulse is studied in this paper. The frequency spectrum of the curve in Fig.8(a) . Fig. 9 (a) Radial displacement-time history of the response at the middle section of the free-free shell subjected to impulsive loading (first peak strain is 0.001), (b) The frequency spectrum of the curve in Fig. 9 (a) Fig. 10 The deformed shape of the free-free shell subjected to pressure pulse (first peak strain is 0.001) (The displacement has been multiplied by 10) Fig. 11 Radial displacement-time history of the shell (first peak strain is 0.001) and one third of radial displacement-time history of the shell (first peak strain is 0.003). Table 1 Material parameters of the cylindrical shell Table 2 Structural dimensions of the cylindrical shell Table 3 Responses of the sliding-sliding shell with different pressure pulses Table 4 Response of the free-free shell (first peak strain is 0.001) Table 5 Response of the free-free shell with different pressure pulses Table 2 Length L Radius of centre line a Thickness h 852 mm 212.8 mm 9.8 mm 
